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Abstract
We calculate B¯0s → φ translation form factors V , A0, A1, A2 based on QCD sum rule and study
the nonleptonic two-body decay of B¯0s → J/ψφ with the form factors obtained. We calculate the
time-integrated branching ratio of B¯0s → J/ψφ decay. The results for both the total branching
ratio and the cases for the final vectors in longitudinal and transverse polarizations are consistent
with experimental data.
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I. INTRODUCTION
CP asymmetry arises due to the non-vanishing complex phase of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements [1, 2] in the standard model (SM). The requirement of
unitarity of the CKMmatrix results in a set of triangles in the complex plane. B¯0s (t)→ J/ψφ
is a golden decay mode to measure the angle βs, one of the angles of the triangle in the bs
sector: VusV
∗
ub+ VcsV
∗
cb+ VtsV
∗
tb = 0. The angle βs is related to the sides of unitarity triangle
by βs = arg[−VtsV ∗tb/(VcsV ∗cb) [3]. B¯s(t)→ J/ψφ decay stimulate wide interest in both theory
and experiment [4–8]. This decay mode is not only interesting for analysis of CP violation,
but also useful for studying strong interaction in the decay process. Factorization is a basic
method to calculate non-leptonic B meson decays, where it is assumed that the hadronic
decay amplitude can be factorized as a product of matrix elements of two local quark-
antiquark currents [9, 10]. The QCD non-factorizable corrections to the factorization result
can be calculated systematically in perturbation theory, which is called QCD factorization
[11, 12]. The hadronic matrix element of the quark-antiquark current in B decays can be
decomposed as polynomials of form factors. The form factors are in general non-perturbative
quantities in QCD, which can be calculated with non-perturbative method, such as Lattice
QCD, QCD sum rule, QCD light-cone sum rule, and quark model, etc. The B¯0s → φ
transition form factors involved in B¯0s → J/ψφ decay have been calculated by QCD light-
cone sum rule (LCSR) [13, 14], Quark model (QM) [15], and QCD sum rule [16] in literature.
Some form factors obtained by QCD sum rule in Ref. [16] are different from other results
calculated in Refs. [14, 15] by a sign. Here in this work, we revisit the B¯0s → φ transition form
factors with QCD sum rule method. Then the from factors obtained in this work are used
to study the nonleptonic decay of B¯0s → J/ψφ. The the transverse, longitudinal and total
time-dependent decay widths ΓL(t), ΓT (t) and Γ(t) are calculated respectively. The results
are consistent with experimental data within experimental and theoretical uncertainties.
The remainder of this paper is organized as follows: In sec. II, we present the method to
calculate the form factors in QCD sum rule method. Section III is for the numerical analysis,
and Section IV for the application of the form factors in the decay mode B¯0s → J/ψφ. Section
V is a brief summary.
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II. THEORETICAL FRAMEWORK
1. The method
In the factorization approach, one ingredient of the amplitude of the decay mode B¯0s →
J/ψφ is the hadronic matrix element 〈φ|s¯γν(1− γ5)b|B¯0s〉, which can be decomposed as
〈φ(ε, p2)|s¯γν(1− γ5)b|B¯0s (p1)〉 = ενραβε∗ρpα1 pβ2
2V (q2)
mBs +mφ
−i(ε∗ν −
ε∗ · q
q2
qν)(mBs +mφ)A1(q
2) (1)
+i[(p1 + p2)ν −
m2Bs −m2φ
q2
qν ]ε
∗ · q A2(q
2)
mBs +mφ
−i2mφε
∗ · q
q2
qνA0(q
2),
where the parameters V , A0, A1, A2 are the transition form factors, and q = p1 − p2.
The QCD sum rule method was originally developed by Shifman, Vainshtein and Za-
kharov in the late 1970s [17, 18], which was widely used in hadronic process, see Ref. [19]
for a review. In order to calculate the transition form factors of B¯0s to φ in QCD, we consider
the three-point correlation function defined by
Πµν = i
2
∫
d4xd4yeip2·x−ip1·y〈0|T{jφµ(x)jν(0)j5(y)}|0〉, (2)
where the three currents are: (1) j5(y) = b¯(y)iγ5s(y), the current of B¯
0
s channel; (2) jν(0) =
s¯γν(1−γ5)b, the current of weak transition; (3) jφµ(x) = s¯(x)γµs(x), the current of φ channel.
One can use the double dispersion relation to express the correlation function as
Πµν =
∫
ds1ds2
ρ(s1, s2, q
2)
(s1 − p21)(s2 − p22)
, (3)
where ρ(s1, s2, q
2) is the spectral density. By inserting a full set of intermediate hadronic
states into the time-ordered product in the correlation function, one can obtain the spectral
density function as
ρ(s1, s2, q
2) =
∑
X
∑
Y
〈0|jφµ |X〉〈X|jν|Y 〉〈Y |j5|0〉δ(s1 −m2Y )δ(s2 −m2X)θ(p0X)θ(p0Y ), (4)
where X and Y denote the full set of hadronic states of φ and B¯0s channels, respectively.
Substituting the spectral density ρ(s1, s2, q
2) in Eq. (4) into Eq. (3) and integrating over s1
3
and s2, then we can get
Πµν =
∑
X
∑
Y
〈0|jφµ |X〉〈X|jν|Y 〉〈Y |j5|0〉
(m2Y − p21)(m2X − p22)
+ continuum states. (5)
The result of the correlation function in the above equation can be also expressed as a sum
of the ground states, excited states and continuum states
Πµν =
〈0|jφµ |φ〉〈φ|jν|B¯0s〉〈B¯0s |j5|0〉
(m2Bs − p21)(m2φ − p22)
+ excited states + continuum states. (6)
Using the definition of decay constants in the following
〈0|s¯γµs|φ〉 = mφfφε(λ)µ ,
〈0|s¯γµγ5s|φ〉 = 0,
〈0|s¯iγ5b|B¯0s〉 =
fBsm
2
Bs
mb +ms
, (7)
where fφ and fBs are decay constants of the relevant mesons, the correlation function is
changed to be
Πµν =
mφfφε
(λ)
µ 〈φ(ε(λ)µ , p2)|jν |B¯0s (p1)〉fBsm2Bs
(m2Bs − p21)(m2φ − p22)(mb +ms)
+excited and continuum states. (8)
Meanwhile the time-ordered current operator in the correlation function in Eq. (2) can
be expanded in terms of a series of local operators with increasing dimensions in QCD
i2
∫
d4xd4yeip2·x−ip1·yT{jφµ(x)jν(0)j5(y)}
= C0µνI + C3µνΨ¯Ψ + C4µνG
a
αβG
aαβ + C5µνΨ¯σαβT
aGaαβΨ
+ C6µνΨ¯ΓΨΨ¯Γ
′Ψ+ · · · , (9)
where Ciµν are Wilson coefficients, I the unit operator, Ψ¯Ψ the local fermion field operator
of light quarks, Gaαβ gluon strength tensor, Γ and Γ
′ the matrices appearing in the procedure
of calculating the Wilson coefficients. At deep negative values of p21 and p
2
2, the Wilson coef-
ficients can be calculated reliably in perturbative QCD, and the operator-product expansion
(OPE) in Eq. (9) can converge quickly.
Considering the non-vanishing vacuum-expectation-value of the operators in Eq. (9), we
can get the correlation function in terms of Wilson coefficients and condensates of local
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operators
Πµν = i
2
∫
d4xd4yeip2·x−ip1·y〈0|T{jφµ(x)jν(0)j5(y)}|0〉
= C0µνI + C3µν〈0|Ψ¯Ψ|0〉+ C4µν〈0|GaαβGaαβ |0〉+ C5µν〈0|Ψ¯σαβT aGaαβΨ|0〉
+ C6µν〈0|Ψ¯ΓΨΨ¯Γ′Ψ|0〉+ · · · , (10)
According to the Lorentz structure of the correlation function, Eq. (10) can be re-expressed
by six parts
Πµν = f0εµναβp
α
1 p
β
2 − i(f1p1µp1ν + f2p2µp2ν + f3p1µp2ν + f4p1νp2µ + f5gµν). (11)
The coefficients fi’s are consisted of perturbative and condensate contributions,
fi = f
pert
i + f
(3)
i + f
(4)
i + f
(5)
i + f
(6)
i + · · · , (12)
where f perti is the perturbative contribution of the unit operator, and f
(3)
i , f
(4)
i , f
(5)
i , f
(6)
i ,
· · · , are contributions of condensates of operators with increasing dimension in OPE.
In next section we shall know that perturbative contribution and gluon-condensate con-
tribution can be written in the form of dispersion integration
f perti =
∫
ds1ds2
ρperti (s1, s2, q
2)
(s1 − p21)(s2 − p22)
,
f
(4)
i =
∫
ds1ds2
ρ
(4)
i (s1, s2, q
2)
(s1 − p21)(s2 − p22)
.
We can approximate the contribution of excited states and continuum states as integra-
tions over some thresholds s01 and s
0
2 in the above two equations. Then equating the two
expressions of the correlation function in Eq. (8) and (11), we can get an equation for ex-
tracting the form factors. But such an equation may heavily depend on the approximation
for the contribution of excited states and the contributions of higher dimensional operators
in OPE. To improve such an equation and make the contribution of higher dimensional
operator small, one can make Borel transformation over p21 and p
2
2 in both sides, which can
suppress the contributions of excited states and condensate of higher dimensional operators.
The definition of Borel transformation to any function f(x2) is
Bˆ| x2,M2f(x2) = lim
k →∞, x2 → −∞
−x2/k =M2
(−x2)k
(k − 1)!
∂k
∂(x2)k
f(x2).
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Matching these two expressions of the correlation function in Eq. (8) and (11), and
performing Borel transformation for both variables p21 and p
2
2, the sum rules for the form
factors can be obtained
V (q2) = −(mb +ms)(mBs +mφ)
2mφfφfBsm
2
Bs
em
2
Bs
/M2
1 em
2
φ/M
2
2M21M
2
2 Bˆf0,
A1(q
2) = − (mb +ms)
mφfφfBsm
2
Bs
(mBs +mφ)
em
2
Bs
/M2
1 em
2
φ/M
2
2M21M
2
2 Bˆf5,
A2(q
2) =
(mb +ms)(mBs +mφ)
mφfφfBsm
2
Bs
em
2
Bs
/M2
1 em
2
φ/M
2
2M21M
2
2
1
2
Bˆ(f1 + f3), (13)
A0(q
2) = − (mb +ms)
2m2φfφfBsm
2
Bs
em
2
Bs
/M2
1 em
2
φ/M
2
2M21M
2
2 [Bˆ(f1 + f3)
m2Bs −m2φ
2
+Bˆ(f1 − f3)q
2
2
+ Bˆf5],
where Bˆfi denotes Borel transformation of fi for both variables p
2
1 and p
2
2. M1 and M2 are
Borel parameters. After subtracting the contribution of the excited states and continuum
states, the dispersion integration for perturbative and gluon condensate contribution should
be performed under the threshold
f perti =
∫ s0
1
ds1
∫ s0
2
ds2
ρperti (s1, s2, q
2)
(s1 − p21)(s2 − p22)
,
f
(4)
i =
∫ s0
1
ds1
∫ s0
2
ds2
ρ
(4)
i (s1, s2, q
2)
(s1 − p21)(s2 − p22)
.
2. The Calculation of the Wilson Coefficients
In this section, we calculate the Wilson coefficients in the operator-product expansion,
then extract the relevant coefficients fi for the sum rules of the form factors in Eq. (13).
The method of the calculation is very similar to that used in our previous work in Ref. [20],
where the form factors in D+s → φℓ¯ν decay were studied in QCD sum rule method. So we
will not give the details of the calculation in the present paper. But for the completeness of
this paper we shall give some main points of the calculation in this section.
All of the Feynman diagrams for calculating the Wilson coefficients in OPE in Eq. (9)
are shown below. They are: diagram for perturbative contribution in Fig.1, diagrams for
contributions of operators Ψ¯(x)Ψ(y) and Ψ¯(0)Ψ(x) in Fig.2, diagrams for contributions
of gluon-gluon operator in Fig.3, diagrams for mixed quark-gluon operators in Fig.4 and
diagrams for contributions of four-quark operators in Fig.5.
6
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FIG. 1: Diagram for perturbative contribution.
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FIG. 2: Diagrams for the contributions of operators Ψ¯(x)Ψ(y) and Ψ¯(0)Ψ(x).
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FIG. 3: Diagrams for contributions of gluon-gluon operator.
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FIG. 4: Diagrams for mixed quark-gluon operators.
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FIG. 5: Diagrams for four-quark contributions.
2.1 The perturbation contribution
For perturbative contribution shown in Fig.1, only the leading order in αs expansion is
considered here. This contribution is relevant to the Wilson coefficient C0 in OPE of the
correlation function in Eq. (10). The amplitude can be written as
C0 = i
2
∫
d4k
(2π)4
(−1)Tr
[
iγ5
i( 6 k +ms)
k2 −m2s + iε
γµ
i( 6 k+ 6 p2 +ms)
(k + p2)2 −m2s + iε
γν(1− γ5)
i( 6 k+ 6 p1 +ms)
(k + p1)2 −m2b + iε
]
. (14)
We can re-write the integration of Eq. (14) in the form of dispersion integration
C0 =
∫
ds1ds2
ρ(s1, s2, q
2)
(s1 − p21)(s2 − p22)
. (15)
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The spectral density ρ(s1, s2, q
2) can be calculated according to Cutkosky’s rule [21], i.e.,
replacing the denominators of the quark propagators with δ functions and putting all the
quark lines on-mass-shell, 1/(k2 −m2 + iε) → −2πiδ(k2 −m2). Then the spectral density
can be calculated from
ρ(s1, s2, q
2) =
(−2πi)3
−4π2
∫
d4k
(2π)4
Tr[γ5( 6 k +ms)γµ( 6 k+ 6 p2 +ms)γν(1− γ5)
×( 6 k+ 6 p1 +mb)]δ(k2 −m20)δ[(k + p1)2 −m21]
×δ[(k + p2)2 −m22]∣∣∣
∣
∣
p21 → s1, p22 → s2
. (16)
Some basic formulas are needed to perform the integration in Eq. (16), which have been
obtained in Refs. [20, 22]. They are given in Appendix A. With results of I, Iµ and Iµν
given in Eqs. (A1) ∼ (A3), the integration in Eq. (16) can be performed without difficulty.
2.2 Contributions of the non-local quark-quark operator
The diagrams for the contribution of non-local “quark-quark” operator are shown in
Fig.2. The contribution of Fig.2 (b) is zero after the double Borel transformation for both
variables p21 and p
2
2, because only one variable left in the denominator 1/(p
2
2−m2s). So Fig.2
(b) can be ignored.
The contribution of Fig.2(a) is
Π2aµν = i
2
∫
d4xd4yeip2·x−ip1·y〈0|Ψ¯(x)γµSsF (x)γν(1− γ5)SbF (−y)iγ5Ψ(y)|0〉, (17)
where
SsF (x) =
∫
d4k2
(2π)4
i
6 k2 −ms e
−ik2x, SbF (−y) =
∫
d4k1
(2π)4
i
6 k1 −mb e
ik1y
are the propagators of s and b quarks, respectively. Moving the quark field operators Ψ¯(x)
and Ψ(y) together then we can obtain
Π2aµν = i
2
∫
d4xd4yeip2·x−ip1·y〈0|Ψ¯α(x)Ψβ(y)|0〉[γµSsF (x)γν(1− γ5)SbF (−y)iγ5]αβ , (18)
where α and β are Dirac spinor indices. The matrix element 〈0|Ψ¯β(x)Ψα(y)|0〉 can be treated
in the fixed-point gauge [23–25], the result of which up to the order of x3 and y3 has been
9
given in Ref. [20]
〈0|Ψ¯aα(x)Ψbβ(y)|0〉 = δab
[
〈Ψ¯Ψ〉
(
1
12
δβα + i
m
48
( 6 x− 6 y)βα − m
2
96
(x− y)2δβα
− i
3!
m3
96
(x− y)2( 6 x− 6 y)βα
)
+ g〈Ψ¯σTGΨ〉
(
1
192
(x− y)2δβα
+
i
3!
m
192
(x− y)2( 6 x− 6 y)βα
)
− i
3!
g2
34 × 24 〈Ψ¯Ψ〉
2(x− y)2( 6 x− 6 y)βα
+ · · ·
]
, (19)
where a and b in the above equation are the color indices, m is the quark mass. From Eq. (19)
one can see that Fig.2 (a) contributes not only to the coefficients of quark condensate 〈Ψ¯Ψ〉,
but also to mixed quark-gluon condensate g〈Ψ¯σTGΨ〉 and the four-quark condensate 〈Ψ¯Ψ〉2.
2.3 Contributions of the non-local gluon-gluon operator
The diagrams for the contribution of non-local gluon-gluon operator are shown in Fig.3.
It is convenient to calculate these diagrams in the fixed-point gauge, in which the gauge
fixing condition is taken as zµAaµ(z) = 0 [23–25]. Then the external color field can be
expressed in terms of its strength tensor [24],
Aaµ(z) =
∫ 1
0
dββzρGaρµ(βz). (20)
Expanding the above expression to the first order of z, one can get
Aaµ(z) =
1
2
zρGaρµ(0) + · · · . (21)
Another equation useful for the calculation of the contributions of the diagrams depicted
in Fig.3 is
〈0|GaασGbβρ|0〉 =
1
96
〈GG〉δab(gαβgσρ − gαρgσβ), (22)
where 〈GG〉 is the abbreviation of 〈0|GaµνGaµν |0〉. Using this equation we can decompose
the matrix element 〈0|GaασGbβρ|0〉 to obtain the gluon-gluon condensate.
It has been shown that the sum of the contributions of the diagrams in Fig.3 cancel
in DS → φ transitions in Ref. [20]. Similar case occurs in the calculation for B¯0s → φ
transitions. Therefore there are still no contributions of gluon-gluon condensate in B¯0s → φ
transition.
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2.4 Contributions of the non-local quark-gluon mixing and four-quark operators
The diagrams for the contribution of non-local quark-gluon mixing and four-quark oper-
ators are shown in Figs.4 and 5, respectively. The methods to calculate the contributions
of these diagrams are similar to that for other diagrams. Two different vacuum-expectation
values of the non-local quark-gluon mixing operators should be used. They are:
(1) The vacuum expectation value of quark-gluon mixing operator Ψ¯(x)Ψ(y)Gaµν , which
is expanded to be [20]
〈0|Ψ¯iα(x)Ψjβ(y)Gaµν |0〉
=
1
192
〈Ψ¯σTGΨ〉(σµν)βαT aji +
[
− g
96 × 9〈Ψ¯Ψ〉
2(gρµγν − gρνγµ)(x+ y)ρ
+i(y − x)ρ
(
g
96× 9〈Ψ¯Ψ〉
2 +
m
96× 4〈Ψ¯σTGΨ〉
)
ερµνσγ5γ
σ
]
βα
T aji, (23)
where 〈Ψ¯σTGΨ〉 and 〈Ψ¯Ψ〉2 are the abbreviations of 〈0|Ψ¯σµνT aGaµνΨ|0〉 and 〈0|Ψ¯Ψ|0〉2
respectively, and g is the strong coupling constant.
(2) The other matrix element needed is [22]
〈0|Ψ¯iαΨjβDˆξGaσρ|0〉 = −
g
33 × 24 〈Ψ¯Ψ〉
2(gξργσ − gξσγρ)βαT aji , (24)
and the external color field in fix-point gauge expanded up to the second order is used
Aaµ(z) =
∫ 1
0
dββzρGaρµ(βz)
=
1
2
zρGaρµ(0) +
1
3
zαzρDˆαG
a
ρµ(0) + · · · , (25)
here Dˆα is the covariant derivative in the adjoint representation, (Dˆα)
mn = ∂αδ
mn−gfamnAaα.
After calculating all of the diagrams in Figs.4 and 5, we find that the contributions of
Fig.4 (c), (d) and Fig.5 (c), (d) are vanishes after double Borel transformation for both
variables p21 and p
2
2, because only one variable appearing in the denominator. For example,
1/q2(p21 −m21). The Borel transformation for p22 will eliminate such terms.
Using the above method, we get the coefficients Bˆf0, Bˆ(f1 + f3), Bˆ(f1 − f3) and Bˆf5
needed in Eq. (13), which are given in the Appendix B.
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III. NUMERICAL CALCULATION OF THE FORM FACTORS
For the numerical calculation, the standard values of the condensates at the renormal-
ization point µ = 1GeV are used [17–19],
〈q¯q〉 = −(0.24± 0.01GeV)3, 〈s¯s〉 = (0.8± 0.2)〈q¯q〉,
g〈Ψ¯σTGΨ〉 = m20〈Ψ¯Ψ〉, αs〈Ψ¯Ψ〉2 = 6.0× 10−5GeV6, (26)
m20 = 0.8± 0.2GeV2.
The quark masses are ms = 95 MeV, mb = 4.18 GeV [3], the meson masses are mφ =
1.02 GeV, mJ/ψ = 3.097 GeV, mBs = 5.367 GeV [3]. The decay constants for φ and J/ψ
mesons are extracted from the experimental measurement of the branching ratios of φ→ ℓ+ℓ
and J/ψ → ℓ+ℓ [3], which are fφ = 0.228 GeV and fJ/ψ = 0.416 GeV. For the decay constant
of Bs meson we take fBs = 0.266± 0.019GeV [26, 27]. The threshold parameters s01 and s02
for Bs and φ mesons are taken to be s
0
1 = 34.9−35.9GeV2, s02 = 1.9−2.1GeV2, respectively.
The physical result should not depend on the Borel parameters M1 and M2 if the OPE
were calculated up to infinite order. However, in practice OPE can only be calculated up
to finite orders. So Borel parameters have to be selected in some “windows” to get the best
stability of the physical results. The criterion to choose the region for M1 and M2 is: (1)
The contributions of the excited and continuum states should be effectively suppressed to
make sure that the sum rule does not depend on the approximation for the excited and
continuum states sensitively. This requires that the Borel parameters should not be too
large; (2) The contribution of the condensates of higher dimensional operators should be
small to make sure the truncated OPE is effective. The series in OPE generally depends on
Borel parameters in the denominator 1/Mn1,2, where n is positive integer. The higher the
dimension of the operator, the larger the integer n. This requires that the Borel parameters
should not be too small.
After numerical analysis, we find the optimal stability in accord with the requirements
shown in Table I. The three-dimensional diagrams of form factors changing with M21 and
M22 are depicted in Fig.6. The stability regions relevant to the requirements in Table I are
shown in Fig.7 as two-dimensional diagram of M21 and M
2
2 . Combining Fig.6 and Fig.7, we
can find good stabilities for the form factors within these regions.
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(a) V (b) A0
(c) A1 (d) A2
FIG. 6: Form factors changing with M21 and M
2
2 .
The final results for the form factors at q2 = 0 are
V (0) = 0.45± 0.10, A0(0) = 0.30± 0.25,
A1(0) = 0.32± 0.07, A2(0) = 0.30± 0.07. (27)
The uncertainties are obtained by varying the input parameters and Borel parameters in
the stability regions.
We compare our results with other nonperturbative approaches such as LCSR [14] and
CQM [15] in Table II. The form factors for semileptonic decays of B0s to φ meson have also
been calculated by QCD sum rule in Ref. [16]. We do not list the value of A⋆2(0) = −0.44
of Ref. [16] in Table II, because the form factor A⋆2(0) defined in [16] does not directly
correspond to the defination in our work. The relations of the form factors defined in
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TABLE I: Requirements to select Borel Parameters M21 and M
2
2 for each form factors
V (0), A0(0), A1(0) and A2(0)
Form Factors contribution continuum of continuum of
of condensate Bs channel φ channel
V (0) ≤ 56.7% ≤ 11% ≤ 56%
A0(0) ≤ 14% ≤ 10% ≤ 50%
A1(0) ≤ 56% ≤ 17.5% ≤ 50%
A2(0) ≤ 5.2% ≤ 17.2% ≤ 54%
(a) V (b) A0
(c) A1 (d) A2
FIG. 7: Selected regions of M21 and M
2
2 .
Ref.[16] and ours are
V ⋆(q2) = (−i)V (q2), A⋆0(q2) = (−i)A1(q2), A⋆1(q2) = (−i)A2(q2),
A⋆2(q
2) =
(−i)(mBs+mφ)
q2
[(mBs −mφ)A2(q2)− (mBs +mφ)A1(q2) + 2mφA1(q2)] , (28)
14
where V ⋆(q2), A⋆0(q
2), A⋆1(q
2) and A⋆2(q
2) denote the form factors defined in [16].
TABLE II: Comparison of our results of form factors with other work
A0(0) A1(0) A2(0) V (0)
LCSR 0.474 0.311 0.234 0.434
CQM 0.42 0.34 0.31 0.44
SR A⋆2(0) −0.34 0.35 −0.47
This work 0.30 ± 0.25 0.32 ± 0.07 0.30 ± 0.07 0.45 ± 0.10
Table II shows that our results for A1, A2 and V are more consistent with the results
of LCSR in Ref. [14] and CQM in Ref. [15]. Only A0 is slightly smaller than theirs. The
difference between the results of the form factors in Ref. [16] and ours is large. The reason
is checked, that is: for the contribution of the condensate of the operator of dimension 3,
the leading contribution is at the order of (ms/Mi)
0 in our calculation, which comes from
the first term 1
12
δβα of Eq. (19). But there are no such terms in the result of Ref. [16], only
terms like (mbms/M
2
i )
n or (m2s/M
2
i )
n with n ≥ 1 exist. The contributions of the operators
of dimension 5 are also different.
In the next section we can see that the branching ratios of Bs → Jψφ calculated with
the form factors obtained in this work are consistent with experimental data.
For the q2-dependence of the form factors, we varied the value of q2 by keeping it slightly
larger than 0. We find that the q2-dependence of V (q2), A0(q
2) and A2(q
2) are well compat-
ible with the pole-model [28], which can be expressed as
V (q2) = V (0)
1−q2/(mVpole)2
,
A0(q
2) = A0(0)
1−q2/(mA0pole)2
,
A2(q
2) = A2(0)
1−q2/(mA2pole)2
, (29)
while the q2 dependence of A1(q
2) is very weak.
We fit V (q2), A0(q
2) and A2(q
2) with the pole model to our numerical results calculated
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from QCD sum rule. Then the relevant fitted pole masses are
mVpole =5.59± 0.27 GeV,
mA0pole =5.62± 2.38 GeV,
mA2pole =9.20± 0.40 GeV. (30)
The fitted pole mass mA2pole is apparently larger than the other two pole masses, which means
that the dependence of A2(q
2) on q2 is also weak, and it is almost as weak as A1(q
2). This
result implies that the dependence of the form factors on q2 can not always be described
by a real physical resonance pole that is associated with the transition current, because the
mass of such resonance is usually far beyond the physical region of q2 in the realistic decay
process.
IV. THE APPLICATION OF THE FORM FACTORS TO THE BRANCHING RA-
TIOS
We use the form factors obtained in this work to calculate the time-dependent decay
width and branching ratio of B¯0s → Jψφ mode. For simplicity in checking whether the
form factors obtained in this work can give predictions consistent with experiment, we only
calculate the branching ratio in naive factorization approach here. The Feynman diagrams
for B¯0s → J/ψφ decay are shown in Fig.8.
The effective amplitude of B¯0s → J/ψφ is
A¯eff = 〈J/ψφ|Heff |B¯0s 〉, (31)
where the effective Hamiltonian is
Heff = GF√
2
[
VcbV
∗
cs(C1O1 + C2O2)− VtbV ∗ts(
10∑
j=3
CjOj)
]
,
with
O1 = (c¯ibj)V−A(s¯jci)V−A, O2 = (c¯ibi)V−A(s¯jcj)V−A,
O3 = (s¯ibi)V−A(c¯jcj)V−A, O4 = (s¯ibj)V−A(c¯jci)V−A,
O5 = (s¯ibi)V−A(c¯jcj)V+A, O6 = (s¯ibj)V−A(c¯jci)V+A,
O7 =
3
2
(s¯ibi)V−A
2
3
(c¯jcj)V+A, O8 =
3
2
(s¯ibj)V−A
2
3
(c¯jci)V+A,
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FIG. 8: The Feynman diagrams for the decay of B¯0s → J/ψφ, “•” denotes the effective
vertex for the operator insertion.
O9 =
3
2
(s¯ibi)V−A
2
3
(c¯jcj)V−A, O10 =
3
2
(s¯ibj)V−A
2
3
(c¯jci)V−A.
For Wilson coefficient Ci(µ), we take the value calculated by naive dimensional regular-
ization(NDR) scheme up to the next-to-leading-order at renormalization scale µ = mb as
[29]
C1 = −0.176; C2 = 1.078; C3 = 0.014;
C4 = −0.034; C5 = 0.008; C6 = −0.039;
C7 = −0.011α; C8 = 0.055α; C9 = −1.341α; C10 = 0.264α
where α is the electromagnetic coupling constant, which takes α = 7.297× 10−3.
We can divide the total effective amplitude into three parts
A¯eff = A¯1 + A¯2 + A¯3, (32)
where A¯1 denotes the contribution of the two tree diagrams of Fig.8 (a) and (b), A¯2 the
contribution of Fig.8 (c), and A¯3 the contribution of Fig.8 (d).
The amplitude of the two tree diagrams is
A¯1 =GF√
2
[
VcbV
∗
cs(C1 +
C2
Nc
)− VtbV ∗ts(C3 +
C4
Nc
+ C5 +
C6
Nc
+ C7 +
C8
Nc
+ C9 +
C10
Nc
)
]
〈J/ψ|c¯γν(1− γ5)c|0〉〈φ|s¯γν(1− γ5)b|B¯0s〉,
(33)
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while the amplitudes of the two penguin diagrams are
A¯2 =GF√
2
C1
[
VubV
∗
us
Q2uα
π
∫ 1
0
2x¯x(1 + ln
a2
µ2
)dx+ VcbV
∗
cs
Q2cα
π
∫ 1
0
2x¯x(1 + ln
b2
µ2
)dx
]
〈J/ψ|c¯γν(1− γ5)c|0〉〈φ|s¯γν(1− γ5)b|B¯0s 〉,
(34)
and
A¯3 =GF√
2
C1
[
VubV
∗
us
Q2uα
π
∫ 1
0
2x¯x ln
a2
µ2
dx+ VcbV
∗
cs
Q2cα
π
∫ 1
0
2x¯x ln
b2
µ2
dx
]
〈J/ψ|c¯γν(1− γ5)c|0〉〈φ|s¯γν(1− γ5)b|B¯0s〉.
(35)
Because of B¯0s − B0s mixing, we should consider the decay amplitude of B0s → J/ψφ in
the analysis of time-dependent decays. Similarly we denote Aeff = 〈J/ψφ|Heff |B0s〉 and
Aeff = A1 +A2 +A3, (36)
with
A1 =GF√
2
[
V ∗cbVcs(C1 +
C2
Nc
)− V ∗tbVts(C3 +
C4
Nc
+ C5 +
C6
Nc
+ C7 +
C8
Nc
+ C9 +
C10
Nc
)
]
〈J/ψ|c¯γν(1− γ5)c|0〉〈φ|b¯γν(1− γ5)s|B0s〉,
(37)
A2 =GF√
2
C1
[
V ∗ubVus
Q2uα
π
∫ 1
0
2x¯x(1 + ln
a2
µ2
)dx+ V ∗cbVcs
Q2cα
π
∫ 1
0
2x¯x(1 + ln
b2
µ2
)dx
]
〈J/ψ|c¯γν(1− γ5)c|0〉〈φ|b¯γν(1− γ5)s|B0s 〉,
(38)
A3 =GF√
2
C1
[
V ∗ubVus
Q2uα
π
∫ 1
0
2x¯x ln
a2
µ2
dx+ V ∗cbVcs
Q2cα
π
∫ 1
0
2x¯x ln
b2
µ2
dx
]
〈J/ψ|c¯γν(1− γ5)c|0〉〈φ|b¯γν(1− γ5)s|B0s〉,
(39)
where x¯ = 1−x, a2 = m2u−x(1−x)q2, b2 = m2c−x(1−x)q2, and q is the transition momentum.
GF is the Fermi constant, Nc = 3 the color quantum number of quarks, Qq(q = u, c) the
charge of relevant quarks, Ci(i = 1, 2, ..., 10.) the Wilson coefficients, and Vqb, Vqs (q = u, c, t)
the relevant CKM matrix elements, respectively.
There are three polarization states for φ meson: one longitudinal state and two transverse
polarization states (right-handed and left-handed). We define
hλ ≡ 〈J/ψ|c¯γν(1− γ5)c|0〉〈φ|s¯γν(1− γ5)b|B¯0s 〉, (40)
then using Eq. (1) and the following matrix elements for J/ψ meson
〈0|c¯γµc|J/ψ〉 = mJ/ψfJ/ψε(λ)µ ,
〈0|c¯γµγ5c|J/ψ〉 = 0, (41)
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we can obtain, for the longitudinal polarization states of the vector mesons
h0 =
ifJ/ψ
2mφ
[
(m2Bs −m2φ −mJ/ψ2)(mBs +mφ)A1(q2)−
4mBs
2pφ
2
mBs +mφ
A2(q
2)
]
, (42)
and for the transverse polarization states
h± = ifJ/ψmJ/ψ
[
(mBs +mφ)A1(q
2)∓ 2mBspφV (q
2)
mBs +mφ
]
. (43)
where pφ =
1
2mBs
√[
m2Bs − (mφ +m2J/ψ)
] [
m2Bs − (mφ −m2J/ψ)
]
is the momentum of φ me-
son in the rest frame of Bs.
We can write |A¯eff |2 in terms of the sum of one longitudinal and two transverse polar-
ization amplitudes squared
|A¯eff |2 = |(A¯eff)L|2 + |(A¯eff)+|2 + |(A¯eff)−|2, (44)
where
|(A¯eff)L|2 = |(A¯1)L|2 + |(A¯2)L|2 + |(A¯3)L|2,
|(A¯eff)±|2 = |(A¯1)±|2 + |(A¯2)±|2 + |(A¯3)±|2.
(45)
In the same way, |Aeff |2 can be written as
|Aeff |2 = |(Aeff)L|2 + |(Aeff)+|2 + |(Aeff)−|2, (46)
where
|(Aeff)L|2 = |(A1)L|2 + |(A2)L|2 + |(A3)L|2,
|(Aeff)±|2 = |(A1)±|2 + |(A2)±|2 + |(A3)±|2.
(47)
The relevant expressions for the terms in the right hand of Eqs.(45) and (47) are given in
the Appendix C. Then we obtain the transverse time-dependent decay width
Γ(B¯0s (t)→ J/ψφ)±T =
pφ
8πm2Bs
1
2
e−ΓBs t
[
(|(Aeff)±|2 + |(A¯eff)±|2) cosh ∆Γ
2
t
−(|(Aeff)±|2 − |(A¯eff)±|2) cos∆mt
+2Re(
p
q
(Aeff)±(A¯∗eff)±) sinh
∆Γ
2
t− 2Im(p
q
(Aeff)±(A¯∗eff)±) sin∆mt
]
,
(48)
and the longitudinal time-dependent decay width
Γ(B¯0s (t)→ J/ψφ)L =
pφ
8πm2Bs
1
2
e−ΓBs t
[
(|(Aeff)L|2 + |(A¯eff)L|2) cosh ∆Γ
2
t
−(|(Aeff)L|2 − |(A¯eff)L|2) cos∆mt
+2Re(
p
q
(Aeff)L(A¯∗eff)L) sinh
∆Γ
2
t− 2Im(p
q
(Aeff)L(A¯∗eff)L) sin∆mt
]
.
(49)
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We take p
q
=
VtbV
∗
ts
V ∗tbVts
= e−i2βs , βs = 0.0185, ∆ΓΓBs = 0.122,
∆m
ΓBs
= 26.79 and the total decay
width of Bs meson is ΓBs = 4.362 × 10−13 GeV [3]. Finally, the combined transverse and
total time-dependent decay widths are
Γ(B¯0s (t)→ J/ψφ)T = Γ(B¯0s (t)→ J/ψφ)+T + Γ(B¯0s (t)→ J/ψφ)−T ,
Γ(B¯0s (t)→ J/ψφ) = Γ(B¯0s (t)→ J/ψφ)L + Γ(B¯0s (t)→ J/ψφ)T .
(50)
And the total time-dependent decay width is [3]
Γ(B¯0s (t)→ J/ψφ) =
pφ
8πm2Bs
1
2
e−ΓBs t
[
(|Aeff |2 + |A¯eff |2) cosh ∆Γ
2
t
−(|Aeff |2 − |A¯eff |2) cos∆mt + 2Re(p
q
AeffA¯∗eff) sinh
∆Γ
2
t
−2Im(p
q
AeffA¯∗eff) sin∆mt
]
.
(51)
Similarly, we can also obtain the total time-dependent decay width of B0s (t)→ J/ψφ, which
is [3]
Γ(B0s (t)→ J/ψφ) =
pφ
8πm2Bs
1
2
e−ΓBs t
[
(|Aeff |2 + |A¯eff |2) cosh ∆Γ
2
t
+(|Aeff |2 − |A¯eff |2) cos∆mt+ 2Re(q
p
Aeff ∗A¯eff) sinh ∆Γ
2
t
−2Im(q
p
Aeff ∗A¯eff) sin∆mt
]
.
(52)
Integrating the above time-dependent decay widths over t from zero to infinity, we can get
the relevant branching ratios [30, 31]
Br(Bs → J/ψφ)T = 1
2
∫ ∞
0
[
Γ(B¯0s (t)→ J/ψφ)T + Γ(B0s (t)→ J/ψφ)T
]
dt,
Br(Bs → J/ψφ)L = 1
2
∫ ∞
0
[
Γ(B¯0s (t)→ J/ψφ)L + Γ(B0s (t)→ J/ψφ)L
]
dt,
Br(Bs → J/ψφ)total = 1
2
∫ ∞
0
[
Γ(B¯0s (t)→ J/ψφ) + Γ(B0s (t)→ J/ψφ)
]
dt.
(53)
Substituting the values for the relevant parameters and quantities into the above equation
we can get
Br(Bs → J/ψφ)L = (0.42± 0.17)× 10−3,
Br(Bs → J/ψφ)T = (0.50± 0.09)× 10−3,
(54)
and the total total decay branching ratio is
Br(Bs → J/ψφ) = (0.92± 0.26)× 10−3, (55)
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which are in good agreement with experimental data within uncertainties [3]:
Br(Bs → J/ψφ)expL = (0.56± 0.04)× 10−3,
Br(Bs → J/ψφ)expT = (0.52± 0.04)× 10−3,
Br(Bs → J/ψφ)exp = (1.08± 0.08)× 10−3.
V. SUMMARY
We calculate the B¯0s → φ transition form factors by QCD sum rule method. The form
factors are expressed in terms of two Borel parameters M21 , M
2
2 and relevant Borel transfor-
mation coefficients. We take the two Borel parameters M21 , M
2
2 as independent parameters
and find the “stable windows” in the two-dimensional area of M21 and M
2
2 for the transition
form factors V , A0, A1 and A2. Our results are compatible with that obtained by LCSR
and CQM methods in the literature. Finally, we apply the results of the transition form
factors V , A0, A1 and A2 to the nonleptonic decay process of B¯
0
s → J/ψφ. We calculate the
branching ratios for all the possible polarization states of the vector mesons. The branching
ratios we obtained are well consistent with experimental data.
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Appendix A
Some basic formulas are needed to perform the integration in Eq. (16) are given here.
I =
∫
d4kδ(k2 −m20)δ[(k + p1)2 −m21]δ[(k + p2)2 −m22] = π2√λ , (A1)
Iµ =
∫
d4kkµδ(k
2 −m20)δ[(k + p1)2 −m21]δ [(k + p2)2 −m22]
≡ a1p1µ + b1p2µ,

a1 = − π2λ3/2 [s2(−s1 + s2 − q2) + (s1 + s2 − q2)(m20 −m22)
− 2s2(m20 −m21)],
b1 = − π2λ3/2 [s1(−s2 + s1 − q2) + (s1 + s2 − q2)(m20 −m21)
− 2s1(m20 −m22)],
(A2)
Iµν =
∫
d4kkµkνδ(k
2 −m20)δ[(k + p1)2 −m21]δ [(k + p2)2 −m22]
≡ a2p1µp1ν + b2p2µν + c2(p1µp2ν + p1νp2µ) + d2gµν ,

D1 ≡ s1 −m21 +m20, D2 ≡ s2 −m22 +m20,
a2 =
π
λ3/2
m20s2 +
1
λ
[3s2D1a1 − (s1 + s2 − q2)D2b1 + s2D2b1],
b2 =
π
λ3/2
m20s1 +
1
λ
[s1D1a1 − (s1 + s2 − q2)D1b1 + 3s1D2b1],
c2 = − πλ3/2m20 12(s1 + s2 − q2)
− 1
λ
[1
2
(s1 + s2 − q2)D1a1 − 2s2D1b1 + 32(s1 + s2 − q2)D2b1],
d2 =
π
4
√
λ
+ 1
4
[D1a1 +D2b1].
(A3)
where λ(s1, s2, q
2) = (s1 + s2 − q2)2 − 4s1s2.
Appendix B
The results of relevant Borel transformed Coefficients for the transition form factors in
Eq. (13) are given here.
1) Borel transformed f0:
Bˆf0 = Bˆf
pert
0 + Bˆf
(3)
0 + Bˆf
(5)
0 + Bˆf
(6)
0 ,
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where,
Bˆf pert0 =
∫ s0
2
4m2s
ds2
∫ s0
1
sL
1
ds1
3e−s1/M
2
1
−s2/M22
4M21M
2
2π
2λ3/2
[−s2mb(2m2s + q2
+s1 − s2)− 2s2m2bms + 2s2m3b +ms(λ+ 2s2m2s
+q2s2 + s1s2 − s22)],
(B1)
where λ = (s1 + s2 − q2)2 − 4s1s2. The lower limit of the integration sL1 is determined by
requiring that all internal quarks are on their mass shell [28]
sL1 =
m2b
m2b − q2
s2 +m
2
b ,
and
Bˆf
(3)
0 = −
e−m
2
b/M
2
1
−m2s/M22
6M81M
8
2
[M1
2M2
2m2bm
2
s(M1
2 +M2
2)(3M2
2 −m2s)
+M1
2M2
2mbms(M2
2m2s(M1
2 +M2
2 + q2)−m4s(M12 +M22)
−3M12M24)−M24m3bm3s(M12 +M22) +M14(−3M24m2s(M12
+q2) +M2
2m4s(4M1
2 + 4M2
2 + q2)−m6s(M12 +M22)
+6M1
2M2
6)]× 〈s¯s〉 ,
(B2)
Bˆf
(5)
0 = −
e−m
2
b/M
2
1
−m2s/M22
12M81M
8
2
[M1
2M2
2mbms(m
2
s(M1
2 +M2
2)
+M2
2(−2M12 + 2M22 − q2))−M12M22m2b(M12
+M2
2)(3M2
2 −m2s) +M24m3bms(M12 +M22)
+M1
4(−M22m2s(5M12 + 3M22 + q2) +m4s(M12 +M22)
+M2
4(3(M2
2 + q2)−M12))]× g〈s¯σTGs〉 ,
(B3)
Bˆf
(6)
0 =
e−m
2
b/M
2
1
−m2s/M22
81M81M
8
2 (m
2
b − q2)m3s
[M1
2M2
2m4bm
4
s(M1
2 +M2
2)
+M2
4m5bm
3
s(M1
2 +M2
2) +M2
2m3bm
3
s(M1
2m2s(M1
2 +M2
2)
−M22(−2M14 +M12(13M22 + 2q2) +M22q2))
+M1
2M2
2mbms(36M1
4M2
4(e
m2s
M2
2 − 1) +M22q2m2s(−2M12
+13M2
2 + q2)− q2m4s(M12 +M22)) +m2b(54M16M24m2s
−54M16M26(e
m2s
M2
2 − 1)−M12M22m4s(M14 + 2M12(5M22 + q2)
+M2
2q2)M1
4m6s(M1
2 +M2
2)) +M1
4(M2
2q2m4s(M1
2 + 10M2
2
+q2)− q2m6s(M12 +M22) + 54M12M26q2(e
m2s
M2
2 − 1)
−18M12M24m2s(M22(e
m2s
M2
2 − 1) + 3q2)]× g2〈s¯s〉2 .
(B4)
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2) Borel transformed result for f1 + f3 :
Bˆ(f1 + f3) = Bˆf
pert
+ + Bˆf
(3)
+ + Bˆf
(5)
+ + Bˆf
(6)
+ ,
where
Bˆf pert+ =
∫ s0
2
4m2s
ds2
∫ s0
1
sL
1
ds1
3e−s1/M
2
1
−s2/M22
4M21M
2
2π
2λ5/2
{2s2m3b(2q2(3m2s + s1 + s2) + 2q4
+λ− 6m2s(s1 − s2)− 4s12 + 8s1s2 − 4s22) + 2s2m2bms(−2q2(3m2s + s1 + s2)
−2q4 − 3λ+ 6m2s(s1 − s2) + 4s12 − 8s1s2 + 4s22) +mb(q2(−2m2s(λ+ 2s1s2 + 2s22)
−6s2m4s + s2(−λ + 2s12 − 6s1s2 + 4s22))− 2s2q4(2m2s + 2s1 + s2) + 2m2s(4s12s2
+λs1 − 8s1s22 + 4s23 − 2λs2) + 6s2m4s(s1 − s2) + s2(s1 − s2)(−λ + 2s12
−4s1s2 + 2s22)) + 6s2m4bms(q2 − s1 + s2)− 6s2m5b(q2 − s1 + s2)
+ms(q
2(2m2s(λ+ 2s1s2 + 2s2
2) + 6s2m
4
s + s2(3λ− 2s12 + 6s1s2 − 4s22))
+2s2q
4(2m2s + 2s1 + s2) + λ
2 − 2m2s(4s12s2 + λs1 − 8s1s22 + 4s23 − 4λs2)
+6s2m
4
s(s2 − s1)− 2s13s2 + 6s12s22 − 6s1s23 + 3λs1s2 + 2s24 − 3λs22)} ,
(B5)
Bˆf
(3)
+ = −
e−m
2
b/M
2
1
−m2s/M22
6M81M
8
2
{−M12M22mbms(M22m2s(−q2 +M12 +M22)
+m4s(M1
2 +M2
2) + 3M1
2M2
4) +M1
4(M2
2m4s(q
2 + 4(M1
2 +M2
2))
−3M24m2s(q2 +M12 − 2M22)−m6s(M12 +M22) + 6M12M26)
+M1
2M2
2m2bm
2
s(M1
2 +M2
2)(3M2
2 −m2s)−M24m3bm3s(M12
+M2
2)} × 〈s¯s〉 ,
(B6)
Bˆf
(5)
+ =
e−m
2
b/M
2
1
−m2s/M22
12M81M
8
2
{q2(M12M24mbms +M14M22(m2s − 3M22))
−M12M22mbms(m2s(M12 +M22) + 2M22(M12 + 2M22))
+M1
2M2
2m2b(M1
2 +M2
2)(3M2
2 −m2s)−M24m3bms(M12 +M22)
+M1
4(−m4s(M12 +M22) +m2s(5M12M22 + 7M24)
+M2
4(M1
2 + 3M2
2))} × g〈s¯σTGs〉 ,
(B7)
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Bˆf
(6)
+ =
e−m
2
b/M
2
1
−m2s/M22
81M81M
8
2 (m
2
b − q2)m3s
{M12M22q4m3s(M22mb +M12ms)
+q2(−M12M22mbm5s(M12 +M22) +M12M22m4s(−m2b(2M12 +M22)
+M1
4 + 10M1
2M2
2)−M24mbm3s(m2b(2M12 +M22) + 4M14 − 11M12M22)
−54M16M24m2s + 54M16M26(e
m2s
M2
2 − 1)−M14m6s(M12 +M22))
+M1
2M2
2m4bm
4
s(M1
2 +M2
2) +M2
4m5bm
3
s(M1
2 +M2
2)
+M1
2M2
2m3bm
3
s(m
2
s(M1
2 +M2
2) + 4M1
2M2
2 − 11M24)
+M1
4m2b(54M1
2M2
4m2s −M22m4s(M12 + 10M22) +m6s(M12 +M22)
−54M12M26(e
m2s
M2
2 − 1))− 18M16M26m2s(e
m2s
M2
2 − 1)} × g2〈s¯s〉2 .
(B8)
3) Borel transformed result for f1 − f3 :
Bˆ(f1 − f3) = Bˆf pert− + Bˆf (3)− + Bˆf (5)− + Bˆf (6)− ,
where
Bˆf pert− =
∫ s0
2
4m2s
ds2
∫ s0
1
sL
1
ds1
−3e−s1/M21−s2/M22
4M21M
2
2π
2λ5/2
{2s2m3b(2q2(3m2s + s1 − 5s2) + 2q4
+λ− 6m2s(s1 + 3s2)− 4s12 − 4s1s2 + 8s22) + 2s2m2bms(−2q2(3m2s
+s1 − 5s2)− 2q4 + λ+ 6m2s(s1 + 3s2) + 4s12 + 4s1s2 − 8s22)
+mb(q
2(−2m2s(λ+ 2s1s2 − 10s22)− 6s2m4s − s2(λ− 2s12 − 10s1s2
+4s2
2)) + 2s2q
4(−2m2s − 2s1 + s2) + 2m2s(s1 + 2s2)(λ+ 4s1s2 − 4s22)
+6s2m
4
s(s1 + 3s2) + s2(s1 − s2)(−λ + 2s12 − 2s22))− 6s2m4bms(−q2
+s1 + 3s2) + 6s2m
5
b(−q2 + s1 + 3s2)−ms(q2(−2m2s(λ+ 2s1s2 − 10s22)
−6s2m4s + s2(λ+ 2s12 + 10s1s2 − 4s22)) + 2s2q4(−2m2s − 2s1 + s2)− λ2
+2m2s(4s1
2s2 + λs1 + 4s1s2
2 − 8s23 + 4λs2) + 6s2m4s(s1 + 3s2) + 2s13s2
−2s12s22 − 2s1s23 + λs1s2 + 2s24 − λs22)} ,
(B9)
Bˆf
(3)
− =
e−m
2
b/M
2
1
−m2s/M22
6M81M
8
2
{−M12M22mbms(M22m2s(−q2 +M12 − 3M22)
+m4s(M1
2 +M2
2) + 3M1
2M2
4) +M1
4(M2
2m4s(q
2 + 4(M1
2 +M2
2))
−3M24m2s(q2 +M12 + 2M22)−m6s(M12 +M22) + 6M12M26)
+M1
2M2
2m2bm
2
s(M1
2 +M2
2)(3M2
2 −m2s)−M24m3bm3s(M12
+M2
2)} × 〈s¯s〉 ,
(B10)
25
Bˆf
(5)
− = −
e−m
2
b/M
2
1
−m2s/M22
12M81M
8
2
{q2(M12M24mbms +M14M22(m2s − 3M22))
+M1
2M2
2m2b(M1
2 +M2
2)(3M2
2 −m2s)−M24m3bms(M12 +M22)
−mb(2M14M24ms +M12M22m3s(M12 +M22)) +M14(−m4s(M12
+M2
2) +m2s(5M1
2M2
2 −M24) +M24(M12 − 9M22))}
×g〈s¯σTGs〉 ,
(B11)
Bˆf
(6)
− = −
e−m
2
b/M
2
1
−m2s/M22
81M81M
8
2 (m
2
b − q2)m3s
{M12M22q4m3s(M22mb +M12ms)
+q2(−M12M22mbm5s(M12 +M22) +M12M22m4s(−m2b(2M12 +M22)
+M1
4 + 10M1
2M2
2)−M24mbm3s(m2b(2M12 +M22) + 4M14
−15M12M22)− 54M16M24m2s + 54M16M26(e
m2s
M2
2 − 1)−M14m6s(M12
+M2
2)) +M1
2M2
2m4bm
4
s(M1
2 +M2
2) +M2
4m5bm
3
s(M1
2 +M2
2)
+M1
2M2
2m3bm
3
s(m
2
s(M1
2 +M2
2) + 4M1
2M2
2 − 15M24)
+M1
4m2b(54M1
2M2
4m2s −M22m4s(M12 + 10M22) +m6s(M12
+M2
2)− 54M12M26(e
m2s
M2
2 − 1)) + 54M16M26m2s(e
m2s
M2
2 − 1)}
×g2〈s¯s〉2 .
(B12)
4) Borel transformed result for f5 :
Bˆ(f5) = Bˆf
pert
5 + Bˆf
(3)
5 + Bˆf
(5)
5 + Bˆf
(6)
5 ,
where,
Bˆf pert5 =
∫ s0
2
4m2s
ds2
∫ s0
1
sL
1
ds1
−3e−s1/M21−s2/M22
8M21M
2
2π
2λ3/2
{mb(2s2q2(m2s + s1) + 2m2s(λ
+s1s2 − s22) + 2s2m4s + λs2)− 2s2m3b(q2 + 2m2s + s1 − s2)
+2s2m
2
bms(q
2 + 2m2s + s1 − s2)−ms(q2(λ+ 2s2m2s + 2s1s2)
+2m2s(λ+ s1s2 − s22) + 2s2m4s − λs1)− 2s2m4bms + 2s2m5b} ,
(B13)
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Bˆf
(3)
5 = −
e−m
2
b/M
2
1
−m2s/M22
12M81M
8
2
{M12M22q4m2s(M22mbms +M12(m2s − 3M22))
+q2(M1
2M2
2m2bm
2
s(3M2
2(2M1
2 +M2
2)−m2s(2M12 + 3M22))
+M1
2M2
2mbms(−m4s(3M12 + 2M22) +m2s(9M12M22 + 2M24)
−3M12M24)−M24m3bm3s(2M12 +M22) +M14(−m6s(M12 + 2M22)
−3m2s(2M12M24 +M26) +m4s(5M12M22 + 7M24) + 6M12M26))
−M22m4bm2s(M12 +M22)(3M12M22 −m2s(M12 + 2M22))
+M2
4m5bm
3
s(M1
2 +M2
2) +m3b(3M1
4M2
6ms − 9M12M24m3s(M12
+M2
2) +m5s(3M1
4M2
2 + 4M1
2M2
4 +M2
6)) +M1
2m2b(m
2
s(6M1
4M2
4
+9M1
2M2
6) +m6s(M1
4 + 4M1
2M2
2 + 3M2
4)−m4s(5M14M22
+11M1
2M2
4 + 6M2
6)− 6M14M26) +M12mbms(m2s(11M14M24
+8M1
2M2
6) +m6s(2M1
4 + 3M1
2M2
2 +M2
4)−m4s(11M14M22
+13M1
2M2
4 + 2M2
6)− 15M14M26) +M14m2s(−4M22m4s(M12
+M2
2) +m6s(M1
2 +M2
2) +m2s(5M1
2M2
4 + 2M2
6) + 3M1
2M2
6)}
×〈s¯s〉 ,
(B14)
Bˆf
(5)
5 =
e−m
2
b/M
2
1
−m2s/M22
24M81M
8
2
{q4(M12M24mbms +M14M22(m2s − 3M22))
−q2(M12M22m2b(m2s(2M12 + 3M22)− 3(2M12M22 +M24))
+M1
2M2
2mbms(m
2
s(3M1
2 + 2M2
2)− 10M12M22 +M24)
+M2
4m3bms(2M1
2 +M2
2) +M1
4(m4s(M1
2 + 2M2
2)− 2m2s(3M12M22
+2M2
4) + 2M2
4(M1
2 + 3M2
2)))−M22m4b(M12 +M22)(3M12M22
−m2s(M12 + 2M22)) +M24m5bms(M12 +M22) +M22m3bms(m2s(3M14
+4M1
2M2
2 +M2
4)− 2M12M22(5M12 + 3M22)) +M12mbms(m4s(2M14
+3M1
2M2
2 +M2
4) +m2s(−13M14M22 − 8M12M24 +M26)
+4M1
2M2
4(M1
2 + 3M2
2)) +m2b(−2m2s(3M16M22 + 5M14M24)
+m4s(M1
6 + 4M1
4M2
2 + 3M1
2M2
4) + 2M1
4M2
4(M1
2 + 3M2
2))
+M1
4(m6s(M1
2 +M2
2) + 2M2
4m2s(M1
2 +M2
2)−m4s(5M12M22
+M2
4) + 4M1
2M2
6)} × 〈s¯s〉 ,
(B15)
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Bˆf
(6)
5 = −
e−m
2
b/M
2
1
−m2s/M22
162M81M
8
2 (m
2
b − q2)m3s
{M24(M12 +M22)m3sm7b +M22(M14
+3M2
2M1
2 + 2M2
4)m4sm
6
b + ((M2
6 + 4M1
2M2
4 + 3M1
4M2
2)m5s
−15M12M26m3s)m5b +M12(−54(−1 + e
m2s
M2
2 )M1
4M2
6 + 54M1
4m2sM2
4
+(M1
4 + 4M2
2M1
2 + 3M2
4)m6s − (33M26 + 14M12M24
+2M1
4M2
2)m4s)m
4
b +M1
2ms(−36(−1 + e
m2s
M2
2 )M1
4M2
6 + (2M1
4
+3M2
2M1
2 +M2
4)m6s − (14M26 + 40M12M24 + 7M14M22)m4s
+2(10M1
2M2
6 + 51M1
4M2
4)m2s)m
3
b +M1
4m2s(18(−1 + e
m2s
M2
2 )M1
2M2
6
−(M12 + 10M22)m4sM22 + (M12 +M22)m6s + 2(31M12M24
−8M26)m2s)m2b + 72M16M26m3smb − 18M16M26m4s −M12M22q6m3s(msM12
+M2
2mb) + q
4(−54(−1 + e
m2s
M2
2 )M2
6M1
6 + 54M2
4m2sM1
6 +M2
2(3M1
2
+2M2
2)mbm
5
sM1
2 + (3(M1
2 +M2
2)m2b − 2(M14 + 5M22M12))M22m4sM12
+(M1
6 + 2M2
2M1
4)m6s + ((M2
6 + 3M1
2M2
4)m3b − 14M12M26mb)m3s)
+q2(−M24(3M12 + 2M22)m3sm5b −M22(3M14 + 6M22M12 + 2M24)m4sm4b
−((M26 + 6M12M24 + 6M14M22)m5s − 29M12M26m3s)m3b +M12(108(−1
+e
m2s
M2
2 )M1
4M2
6 − 108M14m2sM24 − (2M14 + 6M22M12 + 3M24)m6s
+(33M2
6 + 24M1
2M2
4 + 4M1
4M2
2)m4s)m
2
b −M12ms(−36(−1 + e
m2s
M2
2 )M1
4M2
6
+(2M1
4 + 3M2
2M1
2 +M2
4)m6s − (14M26 + 40M12M24 + 7M14M22)m4s
+2(10M1
2M2
6 + 51M1
4M2
4)m2s)mb −M14m2s(18(−1 + e
m2s
M2
2 )M1
2M2
6
−(M12 + 10M22)m4sM22 + (M12 +M22)m6s + 2(31M12M24 − 8M26)m2s))}
×g2〈s¯s〉2 .
(B16)
Appendix C
The amplitudes in Eq. (45) and Eq. (47) are given here.
(A¯1)L = GF√2
[
VcbV
∗
cs(C1 +
C2
Nc
)− VtbV ∗ts(C3 + C4Nc + C5 + C6Nc + C7 + C8Nc + C9 + C10Nc )
]
h0.
(C1)
28
(A¯1)± = GF√2
[
VcbV
∗
cs(C1 +
C2
Nc
)− VtbV ∗ts(C3 + C4Nc + C5 + C6Nc + C7 + C8Nc + C9 + C10Nc )
]
h±.
(C2)
(A¯2)L = GF√2C1
[
VubV
∗
us
Q2uα
π
∫ 1
0
2x¯x(1 + ln a
2
µ2
)dx+ VcbV
∗
cs
Q2cα
π
∫ 1
0
2x¯x(1 + ln b
2
µ2
)dx
]
h0, (C3)
(A¯2)± = GF√2C1
[
VubV
∗
us
Q2uα
π
∫ 1
0
2x¯x(1 + ln a
2
µ2
)dx+ VcbV
∗
cs
Q2cα
π
∫ 1
0
2x¯x(1 + ln b
2
µ2
)dx
]
h±. (C4)
(A¯3)L = GF√2C1
[
VubV
∗
us
Q2uα
π
∫ 1
0
2x¯x ln a
2
µ2
dx+ VcbV
∗
cs
Q2cα
π
∫ 1
0
2x¯x ln b
2
µ2
dx
]
h0, (C5)
(A¯3)± = GF√2C1
[
VubV
∗
us
Q2uα
π
∫ 1
0
2x¯x ln a
2
µ2
dx+ VcbV
∗
cs
Q2cα
π
∫ 1
0
2x¯x ln b
2
µ2
dx
]
h±, (C6)
(A1)L = GF√2
[
V ∗cbVcs(C1 +
C2
Nc
)− V ∗tbVts(C3 + C4Nc + C5 + C6Nc + C7 + C8Nc + C9 + C10Nc )
]
h0.
(C7)
(A1)± = GF√2
[
V ∗cbVcs(C1 +
C2
Nc
)− V ∗tbVts(C3 + C4Nc + C5 + C6Nc + C7 + C8Nc + C9 + C10Nc )
]
h±.
(C8)
(A2)L = GF√2C1
[
V ∗ubVus
Q2uα
π
∫ 1
0
2x¯x(1 + ln a
2
µ2
)dx+ V ∗cbVcs
Q2cα
π
∫ 1
0
2x¯x(1 + ln b
2
µ2
)dx
]
h0, (C9)
(A2)± = GF√2C1
[
V ∗ubVus
Q2uα
π
∫ 1
0
2x¯x(1 + ln a
2
µ2
)dx+ V ∗cbVcs
Q2cα
π
∫ 1
0
2x¯x(1 + ln b
2
µ2
)dx
]
h±.
(C10)
(A3)L = GF√2C1
[
V ∗ubVus
Q2uα
π
∫ 1
0
2x¯x ln a
2
µ2
dx+ V ∗cbVcs
Q2cα
π
∫ 1
0
2x¯x ln b
2
µ2
dx
]
h0, (C11)
29
(A3)± = GF√2C1
[
V ∗ubVus
Q2uα
π
∫ 1
0
2x¯x ln a
2
µ2
dx+ V ∗cbVcs
Q2cα
π
∫ 1
0
2x¯x ln b
2
µ2
dx
]
h±, (C12)
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